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QUANTIZATION OF ABELIAN VARIETIES: DISTRIBUTIONAL
SECTIONS AND THE TRANSITION FROM KA¨HLER TO REAL
POLARIZATIONS
THOMAS BAIER, JOSE´ M. MOURA˜O AND JOA˜O P. NUNES
Abstract. We study the dependence of geometric quantization of the stan-
dard symplectic torus on the choice of invariant polarization. Real and mixed
polarizations are interpreted as degenerate complex structures. Using a weak
version of the equations of covariant constancy, and the Weil-Brezin expansion
to describe distributional sections, we give a unified analytical description of
the quantization spaces for all nonnegative polarizations.
The Blattner-Kostant-Sternberg (BKS) pairing maps between half-form cor-
rected quantization spaces for different polarizations are shown to be transitive
and related to an action of Sp(2g,R). Moreover, these maps are shown to be
unitary.
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1. Introduction
Abelian varieties provide a very rich example of interplay between ideas of
algebraic geometry and of geometric quantization. A general problem of great
1
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interest in the geometric quantization of a large class of symplectic manifolds is
the dependence of quantization on the complex structure [AdPW, Hi]. (See also
[An].)
As is well known, the holomorphic quantization of a symplectic torus, once
it is equipped with the structure of abelian variety, produces the space of theta
functions. In this case, quantizations in different complex structures yield spaces of
theta functions which are naturally unitarily equivalent. This equivalence between
holomorphic quantization spaces has been obtained in [AdPW] by means of the
parallel transport induced by a heat equation. See also [FMN1, FMN2] for an
intrinsically finite-dimensional approach.
In this work, we consider the geometric quantization of the standard symplec-
tic torus of dimension 2g, (T2g, ω), in holomorphic and real nonnegative invariant
polarizations and for any level k ∈ N. Due to the group structure of T2g, and
consequent triviality of the tangent bundle, the space of invariant polarizations is
canonically identified with the nonnegative Lagrangian Grassmannian of a fixed
symplectic vector space, C2g. Thus, one obtains some similarities with the geo-
metric quantization of a vector space [AdPW, KW]. For instance, below we con-
struct a Blattner-Kostant-Sternberg (BKS) pairing, between quantization spaces
associated with invariant nonnegative polarizations, which is transitive, once the
half-form correction is included.
The main novel point in our approach is the treatment of the equations of co-
variant constancy of wave functions, for real and holomorphic polarizations, from
a unified analytical stand point, considering the operators of covariant deriva-
tion to act on distributional sections of the prequantum line bundle. For real
polarizations this yields, as expected, distributional sections supported on Bohr-
Sommerfeld fibers; still, it does not always produce the same result as the more
traditional cohomological wave function approach to quantization of [Sn], as can
be seen in the case of toric manifolds comparing [BFMN] and [Ham]. For previous
related work on the geometric quantization of abelian varieties see [An], where, in
particular, it is explicitly shown that the quantization spaces for any two invariant
real polarizations are isomorphic.
In the language of geometric quantization, the space of invariant complex struc-
tures corresponds to the space of positive Lagrangian subspaces, which is usually
identified with Siegel upper-half space Hg. To allow the study of the dependence of
quantization on the complex structure, including the case of degenerate complex
structures on the boundary of Hg, it is convenient to consider also another chart
that uses the closed Siegel disc, which we denote by Dg. In this way, we obtain
a global parameter also for the nonpositive definite part (that becomes identified
with ∂Dg) of the Lagrangian Grassmannian.
A crucial contribution for the nice behaviour of quantization (or rather of the
relation between any two quantizations) on the boundary of the upper-half space
is given by the half-form correction. As in many other examples in geometric
quantization [Wo], the half-form is necessary for the unitarity of the pairing maps
relating quantizations in different polarizations.
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Symmetry groups play an important role in this work. On one hand, the BKS
pairing between different invariant polarizations is intimately related with the
action of Sp(2g,R) on Dg. This action does not represent a geometric symmetry
of the manifold we are quantizing, but has, instead, an analytical flavour connected
to the natural representation of the metaplectic group on L2(Rg). Also, one of the
most interesting feature of the geometric quantization of T2g, that is not present in
the linear case R2g (see [KW]), besides the appearance of distributional sections
of quite different nature over different degenerate Lagrangian subspaces, is the
interplay with natural invariance groups of certain data of the prequantization of
the torus. Namely, there are natural geometric actions of the integer symplectic
group, Sp(2g,Z), and of the group (Z/kZ)2g on T2g that leave the holonomies of
the prequantum line bundle representing kω invariant. While the latter gives rise
to the finite Heisenberg group when lifted to the line bundle, the former gives
origin, for non-degenerate complex structures, to the classical algebro-geometric
theta-transformation formula (see, for example, [BL, Po, Ke]). We will address
some of these issues in [BMN].
In [Ma], Manoliu shows (for even level k) that the BKS pairing maps relating
two reducible real polarizations is unitary if one takes into account the half-form
correction. In this work, where we consider arbitrary level k, we obtain an anal-
ogous result for all holomorphic polarizations, while the real polarizations are
included as limiting cases on the boundary of the space of complex structures.
Abelian varities, therefore, give one more family of symplectic manifolds, in
addition to non-compact complex Lie groups (see [Hal, FMMN]), where half-form
corrected holomorphic quantizations in different complex structures, including real
polarizations as degenerate cases, can be related by unitary BKS pairing maps
[Ra, Wo].
The paper is organized as follows. After some preliminaries in Section 2, we use
the Sp(2g,R) action in Section 3 to give a unified analytical description of half-
form quantization in complex, real, or mixed polarizations, resulting in Theorem
3.10. In Section 4, we show that the BKS pairing maps are unitary and transitive.
Section 5 contains a brief illustration of how tropical geometry can be seen to
emerge as the complex struture degenerates.
2. Preliminaries on the prequantum line bundle and its sections
2.1. The prequantum line bundle L. Let (T2g = R2g/Z2g, ω) be the standard
even-dimensional torus, with periodic coordinates (x, y) with x, y ∈ Rg, and the
invariant symplectic form given by ω =
∑g
i=1 dyi ∧ dxi. Consider a prequanti-
zation of T2g given by the line bundle L, representing the cohomology class of
the symplectic form, with Hermitian structure and a compatible connection with
curvature −2piiω. L is defined by L = R2g ×Z2g C, where the Z2g action is
(1) λ · (u, ζ) = (u+ λ, α(λ)e−piiω(u,λ)ζ) , u = [x
y
]
∈ R2g, λ ∈ Z2g,
Quantization of Abelian Varieties 4
where α : Z2g → {±1} ⊆ U(1) is the so-called “canonical” semi-character
α(λ) = (−1)
∑g
j=1 λjλg+j
and ω is identified with symplectic bilinear form
ω (u, v) =
g∑
j=1
(ug+jvj − ujvg+j) = tu
[
0 −I
I 0
]
v.
The Hermitian structure and connection are defined to be,
(2) h((u, ζ), (u, ζ ′)) = ζζ ′
and
(3) ∇s = ds− piis
g∑
j=1
(yjdxj − xjdyj) ,
respectively. Here and below, global sections of L (for example smooth ones,
s ∈ Γ∞(L)) will be identified with sections of the (trivialized) pull-back of L to
R2g, that is, with functions on R2g that satisfy the appropriate quasi-periodicity
conditions,
s(u+ λ) = α(λ)e−piiω(u,λ)s(u), λ ∈ Z2g.
Since the trivialization of the bundle is unitary and the connection 1-form purely
imaginary, the connection is Hermitian.
2.2. Spaces of sections of Lk. If s is a smooth section of Lk, then
ekpii
txys(x, y)
is periodic in x and hence admits a Fourier expansion. This observation leads to an
isomorphism given by the Weil-Brezin expansion (also known as Zak expansion)
[F] given by,
Γ∞(Lk) −→
∏
l∈(Z/kZ)g
S(Rg)(4)
s 7→ (s)l(y) :=
∫
[0,1]g
s(x, y +
l
k
)ekpii
tx(y+ l
k
)e−2pii
tlxdgx
with inverse∏
l∈(Z/kZ)g
S(Rg) −→ Γ∞(Lk)(5)
{(s)l}l∈(Z/kZ)g 7→ s(x, y) := e−kpii
txy
∑
l∈(Z/kZ)g
∑
m∈Zg
(s)l(y −m− l
k
)e2pii
t(km+l)x
where 0 ≤ lj < k. We will use the round bracket notation (s)l for the Weil-Brezin
coefficients of a section s throughout the paper.
The Weil-Brezin map is an isomorphism between topological vector spaces (of
smooth sections and Schwartz functions, respectively), hence it extends to an
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isomorphism between the dual spaces, that is between the space of distribu-
tional sections of the bundle Lk and a product of kg copies of the space of tem-
pered distributions S ′(Rg). This map in turn restricts to a unitary isomorphism∏
l∈(Z/kZ)g L
2(Rg)↔ ΓL2(Lk), with
(6) 〈s, s′〉 =
∑
l∈(Z/kZ)g
〈(s)l, (s′)l〉 =
∑
l∈(Z/kZ)g
∫
Rg
(s)l(s′)l.
2.3. Invariant complex structures and theta functions. Invariant complex
structures on T2g are determined by their restriction to the tangent space at any
point and hence can be parametrized by matrices in Siegel upper half-space Hg
(see, for instance, [Ke]). The complex structure on T2g can be described by its lift
to the universal cover R2g: for any Ω ∈ Hg, let ΛΩ be the lattice Zg ⊕ ΩZg ⊂ Cg,
so that the torus is equipped with the structure of an Abelian variety via the
smooth isomorphism φΩ : T
2g → XΩ := Cg/ΛΩ induced by (x, y ∈ Rg)
(7) R2g ∋ u = (x, y) 7→ zΩ := x− Ωy ∈ Cg.
(The choice of the sign here, as well as for the symplectic form ω were made so
that the action of the symplectic group turns out to be the expected one in all
the coordinates). In the coordinates x, y, the complex structure takes the form
(8) JΩ =
[−Ω1Ω−12 Ω1Ω−12 Ω1 + Ω2
−Ω−12 Ω−12 Ω1
]
, Ω = Ω1 + iΩ2,
but we will need this only in the last Section. The corresponding holomorphic
structure on (L,∇) is given by the action of the lattice ΛΩ on Cg × C obtained
by combining (1), (7) and the isomorphism
R2g × C ∋ (u, ζ) = ((x, y), ζ) 7→ (x− Ωy, epiiFΩ(zΩ,zΩ)ζ) ∈ Cg × C.
We will denote this holomorphic line bundle by LΩ := C
g ×ΛΩ C. Here FΩ is the
bilinear form
FΩ(z, w) = − tz(ImΩ)−1Imw
or, in terms of real coordinates, z = x− Ωy, w = u− Ωv,
FΩ(x− Ωy, u− Ωv) = t(x− Ωy)v = txv − tyΩv.
The quasi-periodicity condition for functions on Cg to define holomorphic sections
of LΩ takes the well-known form corresponding to classical theta functions,
ϑ(z + λ) = α(λ)e2piiFΩ(z,λ)+piiFΩ(λ,λ)ϑ(z), λ ∈ ΛΩ.
It is well known (see, for example, [Ke, Po]) that a basis of H0(XΩ, L
k
Ω) is given
by
(9)
{
ϑ
[
l
k
0
]
(kz, kΩ)
}
l∈Zg/kZg
,
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which corresponds to the sections
ϑlΩ(x, y) := e
−kpiiFΩ(x−Ωy,x−Ωy)ϑ
[
l
k
0
]
(kx− kΩy, kΩ) =
= e−kpii
txy
∑
m∈Zg
ekpii
t(y−m− l
k
)Ω(y−m− l
k
)+k2pii t(m+ l
k
)x(10)
of Lk. Note that the Weil-Brezin coefficients of these sections are the Gaussians
(ϑlΩ)l′(y) = δll′e
kpii tyΩy.
2.4. Invariant polarizations. Geometric quantization (for example, of the sym-
plectic torus) can be performed not only using the Ka¨hler structures from the last
paragraph, but using the more general notion of a polarization. Here, we describe
all invariant polarizations on T2g.
Let LT2g → T2g be the bundle of nonnegative Lagrangian subspaces of the
complexified tangent bundle on the symplectic manifold (T2g, ω). A (nonnegative)
polarization, in the sense of geometric quantization (see, for instance, [Wo]), is a
section of LT2g that provides an involutive distribution on T2g,
Pol(T2g) ⊂ Γ∞(LT2g).
In the present case, LT2g is canonically trivial
LT2g ∼= T2g × LC2g,
(where LC2g denotes the Grassmannian of nonnegative Lagrangian subspaces in
C2g equipped with the standard symplectic form), since TT2g is (canonically)
trivial. A polarization P, therefore, is simply a function P : T2g → LC2g, and it
is invariant if this function is constant,
PolT
2g
(T2g) ∼= LC2g.
The complex structures from the previous section, parametrized by matrices
Ω ∈ Hg in Siegel upper half-space via the coordinates zΩ = x−Ωy, correspond to
the positive (or Ka¨hler) polarizations L+C2g in PolT
2g
(T2g),
PΩ = span
{
∂
∂zjΩ
}
j=1,...,g
= span
{∑
l
(
Ωlk
∂
∂xl
+
∂
∂yk
)}
k=1,...,g
.
Remark 2.1. Notice that the positive Lagrangian Grassmannian bundle L+T2g ∼=
T2g×Hg carries also a natural complex structure: equipping every fiber T2g×{Ω}
with the complex structure from the isomorphism T2g ∼= Cg/ΛΩ gives the universal
bundle of Abelian varieties (with a marked basis of the first homology) over Siegel
upper half-space.
This coordinate chart Hg → PolT2g(T2g) is not convenient for the description
of all genuine nonnegative polarizations (namely, only those transverse to the
polarization spanned by the ∂
∂xj
directions appear in the closure of Hg as a space
of matrices). The convenient substitute (see, for instance, [Ki]) for it is the closed
Quantization of Abelian Varieties 7
Siegel disc Dg, which is the closure of the image of Hg under the Cayley transform
(11) Hg ∋ Ω 7→ τ = (i− Ω)(i + Ω)−1 ∈ D˘g,
with inverse Ω = i(1− τ)(1 + τ)−1. The Siegel disc is a global chart of LC2g, and
the parametrization of invariant polarizations now reads
(12) Pτ = span
{∑
l
(
−i(1− τ)lk ∂
∂xl
+ (1 + τ )lk
∂
∂yl
)}
k=1,...,g
.
Throughout the paper, τ will always denote a point in the closed Siegel disc, while
Ω denotes a point in the upper half-space.
Remark 2.2. A polarization is real if and only if τ is unitary. Following [Wo], we
will call a real polarization reducible, if its space of leaves is a Hausdorff manifold
(or equivalently, in our case, if the leaves are compact). Note that this happens
if and only if τ is unitary and its entries lie in Q[i]. Reducible polarizations and
the quantizations defined by them (whose elements are supported on leaves along
which ∇ has trivial holonomy, the so-called Bohr-Sommerfeld leaves) have been
studied in the present context using geometric methods (see [Ma] and also earlier
work by S´niatycki [Sn]), and will also be investigated in more detail below. Both
reducible and non-reducible polarizations are also considered in [An].
2.5. The action of the real symplectic group. Below, we will consider an
action of the real symplectic group Sp(2g,R) on the Lagrangian Grassmannian
(see [Wo]), which is intimately related to the construction of the half-form (or
metaplectic) correction and the Blattner-Kostant-Sternberg pairing. On the upper
half-space chart on the positive Lagrangian Grassmannian, the action is given by
the usual fractional linear transformation
(13) M(Ω) = (AΩ+B)(CΩ +D)−1, M =
[
A B
C D
]
∈ Sp(2g,R),
and it is transitive on Hg. It extends to all of LC
2g (or Dg), where it becomes
transitive on each stratum; in terms of the parameter τ and setting τ ′ := M(τ),
the transformation is characterized by the equation
(14)
(
(τ ′+1)(A+iB)+(τ ′−1)(iC−D))τ = (τ ′+1)(A− iB)+(τ ′−1)(iC+D).
In particular, the action of the integer symplectic group Sp(2g,Z) by symplecto-
morphism of T2g
T2g ∋
[
x
y
]
7→ M
[
x
y
]
∈ T2g,
induces an action on polarizations via push-forward given by
M∗PΩ = PM(Ω).
Remark 2.3. If we write this action on the symplectic coordinates (x, y) in terms
of the complex ones, we recover the usual transformation
zΩ 7→ zΩ′ = t(CΩ +D)−1zΩ.
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The metaplectic group (discussed in more detail in Section 3.3 below) is defined
as the connected two-fold covering group Mp(2g,R) → Sp(2g,R). It cannot be
realized as a matrix group. A convenient description for our purpose (see [We, G])
involves an open subset U ⊂ Sp(2g,R) that generates the group in two steps, i.e.
U2 = Sp(2g,R); U is parametrized by triples (P, L,Q) of g × g matrices, with L
invertible, P and Q symmetric, via
(P, L,Q) 7→
[
PL−1 PL−1Q− tL
L−1 L−1Q
]
.
The usefulness of this subset U for the description of the metaplectic group lies in
the fact that its pre-image U˜ in Mp(2g,Z) consists of two disjoint diffeomorphic
copies of U . This gives a workable decription of the metaplectic group, as we will
see below.
3. A distributional construction of the quantum bundle
In order to treat quantizations using complex, mixed and real polarizations
in a uniform way, it is convenient to widen our perspective on the prequantum
Hilbert space ΓL2(L
k) of square-integrable sections, and consider instead the whole
Gelfand triplet
Γ∞(Lk) ⊆ ΓL2(Lk) ⊆ Γ−∞(Lk).
Once we take into account the factors arising from the half-form correction, the
pairing on the prequantum Hilbert space ΓL2 and its extension to the Gelfand
triplet will, by construction, provide the BKS pairing, as we will see in the next
Section. The fact that the pairing splits nicely into a “prequantum factor” and
a “half-form factor”, as in the vector space case, is ultimately a consequence of
the group structure on (T2g, ω). Before studying the pairing, we will define the
quantum bundle (or rather, interpret the usual definition, as in [Wo] or [Ki]) in
the setting just outlined.
Remark 3.1. Similar analytic behaviour occurs in the quantization of a flat sym-
plectic vector space, where in particular it also turns out to be necessary to include
half-form correction to obtain continuous behaviour of the BKS pairing up to the
boundary [KW]. Also, in the context of toric varieties, a similar convergence to
distributional sections occurs when holomorphic polarizations degenerate to the
toric real polarization, with fibers the compact Lagrangian tori [BFMN].
Examining the set of differential equations attached to a choice of polarization
that singles out the subspaces of covariantly constant sections, we will see that
they actually admit a natural weak variant that coincides with the usual equations
for square-integrable sections in the case of a complex polarization, but with the
advantage that there is a (non-zero) space of solutions also for mixed and real
polarizations. It is our aim, in this section, to show that this definition is the
natural one from the point of view of the transition from complex to mixed or
real polarizations. This is achieved in Theorem 3.10 below.
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3.1. The weak equations of covariant constancy. Given an invariant po-
larization P, a smooth, at first, local section s is covariantly constant along P
if
(15) ∀ξ ∈ P : ∇ξs = ds · ξ − kpiis(x, y)
∑
(yjdxj − xjdyj) · ξ = 0.
Note that if the polarization is given by a complex structure, these are just the
Cauchy-Riemann equations. In any case, every ξ ∈ P defines a continuous linear
operator ∇ξ : Γ∞(Lk)→ Γ∞(Lk), and the quantum space associated with a com-
plex polarization P is given by the intersection of the kernels of these operators.
If the polarization has real directions (and the manifold we are quantizing is
compact), there are no non-zero global smooth solutions to the equations (15),
since any such solution would have to be supported on Bohr-Sommerfeld leaves:
smooth sections can be restricted to leaves, and non-trivial holonomy along any
non-contractible loop in a leaf forbids the existence of non-zero horizontal sections.
It is, therefore, natural to consider the weak version of the operators (15) act-
ing on distributional sections of Lk. Distributional sections in the quantization
of abelian varieties appeared also in [An]. As already mentioned in the introduc-
tion, in the case of toric manifolds this approach has the advantage of including
contributions from all, even singular, Bohr-Sommerfeld fibers [BFMN]; thus, the
dimension of the quantization space in the real toric polarization equals the di-
mension obtained from Ka¨hler polarization.
Remark 3.2. Locally, the neighbourhood of a Bohr-Sommerfeld fiber of T2g is
equivariantly symplectomorphic to a neighbourhood of a non-singular Bohr-Sommerfeld
fiber of a toric manifold. As seen in [BFMN], each Bohr-Sommerfeld fiber will
be the support of a one-dimensional space of polarized distributional sections.
Moreover, the explicit form of these sections is described in [BFMN].
For an open subset U ⊂ T2g, consider first the natural injection
ι : Γ∞(Lk|U) → Γ−∞(Lk|U) = (Γ∞c (Lk|U))′
s 7→ ιs(φ) =
∫
U
sφ
ωn
n!
.
Then, the definition should make the following diagram commute,
Γ∞(Lk) 
 ι
//
∇ξ

Γ−∞(Lk)
∇′
ξ

Γ∞(Lk)

 ι
// Γ−∞(Lk)
,
so that the operator ∇′ξ extends the operator ∇ξ to distributional sections. Ex-
plicitly, on any open set U , for any smooth section s ∈ Γ∞c (Lk|U) and for any test
section φ ∈ Γ∞c (L−k|U) with compact support and smooth section ξ ∈ Γ∞(P|U)
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of the polarization on U ,
(∇′ξιs)(φ) =
∫
U
(∇ξs)φ dgxdgy
=
∫
U
(
ds · ξ − kpiis
∑
(yjdxj − xjdyj) · ξ
)
φ dgxdgy
= −
∫
U
s
(
div ξφ+ dφ · ξ + kpiiφ
∑
(yjdxj − xjdyj) · ξ
)
dgxdgy
= −
∫
U
s
(
div ξφ+∇−1ξ φ
)
dgxdgy,
where ∇−1 stands for the connection on the inverse bundle L−k induced by ∇.
It is, therefore, natural to define the operation of covariant differentiation of
distributional sections, ∀σ ∈ Γ−∞(Lk|U), ∀ξ ∈ Γ∞(P|U),
(16) (∇′ξσ)(φ) := −σ(div ξφ+∇−1ξ φ), ∀φ ∈ Γ∞c (L−k|U),
and to define the quantum space associated with the polarization as the intersec-
tions of the kernels of the operators ∇′
ξ
: Γ−∞(Lk) → Γ−∞(Lk) for ξ ∈ Γ∞(P),
as before. For Ka¨hler polarizations, regularity of the Cauchy-Riemann equations
(that are the equations of covariant constancy in this case) guarantees that this
definition is conservative, that is, one does not find distributional solutions to
them which are not holomorphic functions. On regularity of the Cauchy-Riemann
equations see, for instance, Chapter 6 in [Gu] (the argument given there for the
case of distributions on C extends to Cn), or [KY].
3.2. The half-form correction. To define the half-form correction for the torus
T2g we have been considering, let us first recall its definition for the case of a
symplectic vector space (V, ω) of real dimension 2g (see [Wo, KW]).
As before, we can for simplicity parametrize polarizations (nonnegative La-
grangian subspaces P ⊂ VC) by the Siegel disc Dg. Over it, one considers the
canonical line bundle K ⊂ Dg × ΛgV ∗C → Dg, where each fiber is given by the
space of g-forms that vanish upon contraction with the conjugate of any vector in
the polarization. We will use the same letter K for the pull-back of this bundle
to Hg. The (indefinite) pairing on the space of g-forms given by
(17) 〈η, η′〉(kω)
g
g!
= 2−gig(−1) g(g−1)2 η ∧ η′,
induces a pairing between any two fibers of this fibration. Notice that this pairing
is invariant under the natural action of the real symplectic group Sp(V, ω) ∼=
Sp(2g,R).
Any Ω ∈ Hg defines a positive polarization by specifying a complex coordinate
zΩ = x− Ωy on V , and dgzΩ := dz1Ω ∧ · · · ∧ dzgΩ is a g-form generating the line of
K over Ω. A short calculation shows that the pairing comparing the two different
fibers over Ω and Ω′ is, then,
(18) 〈dgzΩ, dgzΩ′〉 = det 1
2ki
(Ω− Ω′),
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and in particular we see that the pairing is positive definite over Hg.
The half-form (or metaplectic) correction consists in the choice of a square root
ofK. Since K is trivial, this looks like a trivial operation, but the behaviour of the
inner product on the square root is an essential analytic ingredient for the BKS
pairing. We take advantage of the fact that there is a natural way of defining a
specific branch of the square root of a determinant as in (18), given by a Gaussian
integral(
det
1
2ki
(Ω− Ω′)
)− 1
2
:=
∫
Rg
e−pi
tξ(Ω−Ω′)ξ
2ki dgξ = 〈epii
tξΩξ
2k , epii
tξΩ′ξ
2k 〉L2(Rg).
Keeping a traditional, though possibly slightly misleading, notation
√
dgzΩ for the
generator of the complex line of the half-form bundle over Ω ∈ Hg, we define the
pairing via the embedding
(19) α
√
dgzΩ 7→ 1
α
epii
tξΩξ
2k , α ∈ C \ {0},
or, more explicitly (and with the sign determined by the Gaussian integral)
(20) 〈
√
dgzΩ,
√
dgzΩ′〉 =
(
det
1
2ki
(Ω− Ω′)
) 1
2
.
We will see below that this point of view is also very convenient for the description
of the action of the metaplectic group on half-forms.
This definition works only over the positive Lagrangian Grassmannian; we need
to rescale the trivializing section to describe the half-form bundle over the whole
of the nonnegative Lagrangian Grassmannian. The canonical line determined by
the polarization Pτ is generated by the g-form
dg(x, y)τ =
g∧
[(1 + τ)dx− i(1− τ)dy] = det(1 + τ)dgzΩ(τ),
where the last equality holds whenever dgzΩ(τ) is defined. The half-form bundle
is then described by any of these two trivializations,
C
√
dgzΩ(.) ∼= C
√
dg(x, y). → Dg,
where the isomorphism is given by
(21)
√
dgzΩ(τ) = (det(1 + τ))
− 1
2
√
dg(x, y)τ ,
and the branch of the square root is fixed by demanding it to be 1 for τ = 0.
Let us now address the half-form correction for T2g. Recall from Section 2.4
that the bundle of nonnegative Lagrangian subspaces LT2g of the complexified
tangent bundle is canonically trivialized, LT2g ∼= T2g × LC2g. The canonical
bundle K → LT2g , generated over any point (x, y, τ) ∈ T2g × Dg by dg(x, y)τ is
again topologically trivial. It is clear that K restricted to T2g × {Ω} ∼= XΩ is the
usual canonical bundle KΩ → XΩ of holomorphic g-forms. As before (17), the
canonical bundle K comes with a natural Hermitian structure hK determined by
the Liouville form.
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As Hermitian bundle, the half-form bundle δ → LT2g is just the pull-back
δ //

C
√
dg(x, y).

LT2g ∼= T2g × Dg // Dg
.
A connection on δ is determined as follows. K is equipped with a natural partial
connection ∇part given pointwise at ((x, y), τ) by the Lie derivative of complexified
g-forms on T2g at (x, y) along the directions of Pτ . In fact, as K is trivial,
∇part extends to the relative trivial connection ∇triv of the family LT2g → Dg,
corresponding to covariant derivatives along the directions of the fibers XΩ. In
particular, the section (x, y) 7→ dg(x, y)τ is parallel relative to this connection.
The condition imposed on the connection ∇˜ on the half-form bundle δ is that
it satisfy Leibniz’s rule
∇triv(µ⊗ µ′) = (∇˜µ)⊗ µ′ + µ⊗ (∇˜µ′).
Thus, the choice of connection ∇˜ is determined by the holonomies along 2g genera-
tors of H1(T
2g,R), subject to the condition that they square to 1. The Hermitian
structure on δ is obtained by taking a consistent square root of the Hermitian
structure on K.
Note that
√
dgzΩ is a parallel section (along the base T
2g, as above) of δ only
if ∇˜ is the trivial connection. Choosing the pair (δ, ∇˜) and an invariant holomor-
phic polarization PΩ is equivalent to fixing a specific point χ of order at most
two in Pic0(XΩ), that is, a half characteristic. If χ is not zero (and does not rep-
resent the trivial holomorphic bundle), there are no global holomorphic sections;
in particular,
√
dgzΩ, being a smooth trivialization, cannot be parallel along the
antiholomorphic directions. Solving equations of covariant constancy on Lk⊗P∗Ωδ
gives, then, the space of holomorphic sections H0(Lk ⊗ χ), i.e. leads to theta
functions with half-characteristic.
In the remainder of the paper, for simplicity, we will use the correction (δ, ∇˜)
corresponding to χ = 1 ∈ Pic0(XΩ). All the results extend to other choices for χ.
3.3. The Weil representation of the metaplectic group. In order to study
solutions of the equations of covariant constancy for polarizations on the boundary
of Dg, and in view of the Weil-Brezin expansion, it is convenient to use a natural
action of the metaplectic group on L2(Rg). Recall from [We] (see also [G, F, FN])
that the metaplectic group Mp(2g,R), the connected two-fold cover of Sp(2g,R),
can be constructed as a group of unitary operators on the Hilbert space L2(Rg),
as follows.
Considering real g×g matrices P, L,Qwith P andQ symmetric and L invertible,
and an integer m mod 4 indexing a choice of square root im of sign detL, consider
the integral operator S(P, L,Q)m : S(Rg)→ S(Rg) given by
(22) S(P, L,Q)mf(u) := i
−
g
2
+mk
g
2
√
| detL|
∫
ekpii(
tuPu−2 tu tLv+ tvQv)f(v)dgv,
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where we use the notation iφ := e
pii
2
φ for any real number φ. These operators
are continuous on S(Rg), therefore also on S ′(Rg), and are unitary isomorphisms
when restricted to L2(Rg).
The metaplectic group is the group of unitary operators generated by all opera-
tors of this form. The covering maps each generator S(P, L,Q)m to the symplectic
matrix specified by (P, L,Q). Note that this projection differs from the one in [G]
by an automorphism of Sp(2g,R). Any element in Mp(2g,R) can be represented
by the product of two operators of this form. We then have,
Lemma 3.3. Let Ω ∈ Hg; then
(S(P, L,Q)me
kpii tvΩv)(u) = im
( | detL|
det(Ω +Q)
) 1
2
ekpii
tuΩ′u,
where Ω′ ∈ Hg is given by
Ω′ = P − tL(Ω +Q)−1L =
[
PL−1 PL−1Q− tL
L−1 L−1Q
]
(Ω).
Proof. Applying the definitions,
S(P, L,Q)me
kpii tvΩv(u) = i−
g
2
+mk
g
2
√
| detL|
∫
ekpii(
tuPu−2 tu tLv+ tv(Ω+Q)v)dgv =
= i−
g
2
+mk
g
2
√
| detL|
√
pig
det−kpii(Ω +Q)
ekpii
tuPue−kpii
tu tL(Ω+Q)−1Lu,
from which the assertion follows. 
Remark 3.4. Note that the sign of the square root in the statement
√
det(Ω +Q)
is determined by evaluation of the Gaussian integral in the proof. We will not
need to specify it explicitely.
The action of Sp(2g,R) on the Lagrangian Grassmannian, given by Ω 7→ M(Ω),
lifts to K, where one obtains the ordinary pull-back of g-forms
(23) (M∗)−1dgzΩ = det(CΩ+D)d
gzΩ′ ,
for M ∈ Sp(2g,R) as in (13). By the construction of the half-form bundle δ and
the identification of the Hermitian metric (19) on it, the unitary representation
of the metaplectic group that lifts (23) is then given by
(24) S(P, L,Q)m
√
dgzΩ = i
−m| detL|− 12
√
det(Ω +Q)
√
dgzΩ′ ,
where S(P, L,Q)m is any generator of Mp(2g,R) and Ω
′ = M(Ω), with M =
(P, L,Q).
From this follows immediately
Proposition 3.5. The product of the action of the metaplectic group Mp(2g,R)
on Γ−∞(Lk) with the natural action on δ descends to an action of Sp(2g,R) on
Γ−∞(Lk)⊗√dg(x, y)τ → Dg that lifts the symplectic action on the Siegel disc.
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3.4. The extended quantum Hilbert bundle. As explained above, since we
consider real polarizations as limits of holomorphic polarizations, and since for
the real polarizations there are no smooth solutions of the equations of covariant
constancy, we use the weak version of these equations and look for solutions in
the space of distributional sections Γ−∞(Lk). This is particularly simple to do
in terms of the Weil-Brezin expansion in (4), and making use of the parameter
τ ∈ Dg for the polarization in Section 2.4.
Let Q˜τ be the space of distributional sections σ ∈ Γ−∞(Lk) that are solutions
of the weak equations of covariant constancy (16) with respect to the polarization
Pτ . These spaces naturally form a bundle of vector subspaces in the bundle of
distributional sections,
Q˜ ⊂ Γ−∞(Lk)× Dg → Dg.
Lemma 3.6. Under the identification of global sections of Γ−∞(Lk) with elements
in S ′(Rg)g via the Weil-Brezin transform, the equations of covariant constancy
defining Q˜τ become independent for each of the g components S ′(Rg), and are
identical on all of them.
Explicitly, using the first order differential operators Ξτ : S ′(Rg) → S ′(Rg)g
defined by
(25) Ξτ = (τ + 1)
∂
∂y
− 2kpi(τ − 1)y, τ ∈ Dg,
we have
σ ∈ Q˜τ ⇐⇒ ∀l = 1, . . . , g : (σ)l ∈ Ker Ξτ .
Proof. Since all the operators involved are continuous, it suffices to check the
identity on the dense subspace of smooth sections s ∈ Γ∞(Lk). Using (3) and (5)
we obtain
(∇ξs)l(y) = tβ ∂
∂y
(s)l(y) + k2pii
tαy(s)l(y),
where ξ = tα ∂
∂x
+ tβ ∂
∂y
is any constant vector field. From (12) we immediately get
the lemma. Note that we get the same equation for each Weil-Brezin coefficient
separately. 
Definition 3.7. The quantum Hilbert bundle Q over the space of invariant po-
larizations of (T2g, ω) is defined as
Q := Q˜ ⊗ C
√
dg(x, y). → Dg.
where C
√
dg(x, y). → Dg is the half-form bundle. To simplify the notation we will
write Qτ = Q˜τ
√
dg(x, y)τ .
Recall that due to regularity of the Cauchy-Riemann equations the elements
of the quantum Hilbert space QΩ over a point Ω in the interior D˘g ∼= Hg of the
Lagrangian Grassmannian are given by the holomorphic sections of Lk, with the
holomorphic structure determined by Ω, tensored with the half-form correction
C
√
dgzΩ,
QΩ ∼= H0(XΩ, LkΩ)
√
dgzΩ.
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Definition 3.7 extends the bundle of quantizations over the Siegel upper half-space
to the boundary of the Siegel disc Dg, proceeding as depicted in the following
diagram:
Γ∞(Lk)
√
dgz.


//
⋃
Γ−∞(Lk)
√
dg(x, y)τ(.)
⋃
Q   //

Q

Hg ∼= D˘g 

// Dg
The quantum bundle is naturally viewed as a sub-bundle of the trivial (infinite-
dimensional) bundle of smooth (on the left part of the diagram) or distributional
(on the right part of the diagram) sections of the half-form corrected prequan-
tum bundle. By abuse of notation, we will usually not distinguish the spaces of
smooth sections from the distributions they naturally define by integrating against
Liouville measure.
First, we prove that the dimension of the spaces Qτ (or Q˜τ ) is independent of
τ ∈ Dg. (Recovering a result also in [An].)
Lemma 3.8. For all τ ∈ Dg with det(1 + τ) 6= 0,
dimQτ = kg.
Explicitly, the corresponding subspace Q˜τ of Γ−∞(Lk) is spanned by the sections
with Weil-Brezin coefficients
(26) (ϑ˜lτ )l′ := δl,l′ det(1 + τ)
− 1
2 ekpii
tyΩ(τ)y ∈ S ′(Rg),
where the branch of the square root is the same one as in (21).
Proof. Note that the Weil-Brezin coefficients in the statement of the lemma are
well-defined elements in S ′(Rg) even when the imaginary part of Ω is only positive
semi-definite, and that the dependence on τ is continuous in this case.
By Lemma 3.6 we have to identify the kernel of the operators Ξτ . Since (1+ τ)
is invertible and
Ξτ = (τ + 1)
∂
∂y
− 2kpi(τ − 1)y = (τ + 1)
(
∂
∂y
− 2kpiiΩy
)
,
the kernel of Ξτ on distributions is one-dimensional and is spanned by the Gaussian
in the statement of the lemma (see e.g. the proof of Theorem 7.6.1 in [Ho]). 
In order to treat the points where det(1+τ) = 0, we now show that the Sp(2g,R)
action preserves the kernels of the operators Ξτ .
Consider the operators Ξτ ⊗ 1 acting on S ′(Rg) ⊗ δ, where δ is the half-form
bundle. Recall that, from Proposition 3.5, the action of the metaplectic group
Mp(2g,R) on Γ−∞(Lk) ⊗ δ actually descends to an action of Sp(2g,R). Note
also that the group Sp(2g,R) acts diagonally on the g factors of S ′(Rg) in the
Weil-Brezin expansion.
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In fact, we now show that the action of Sp(2g,R) lifts to the Hilbert quantum
bundle Q.
Proposition 3.9. Let, as above, M = (P, L,Q) ∈ Sp(2g,R) be a matrix with
g × g block entries A,B,C,D, and τ ′ =M(τ); furthermore, consider the matrix
Xτ ′ :=
1
2
(
(τ ′ + 1)(A+ iB) + (τ ′ − 1)(iC −D))
acting on a vector of g elements of S ′(Rg). Then
(Ξτ ′ ⊗ 1) ◦M = Xτ ′ ◦M ◦ (Ξτ ⊗ 1).
In particular, the symplectic transformation M preserves the kernels of the family
of operators Ξt, which define the bundle Q.
Proof. To shorten the expressions, set
e(u, v) := ekpii(
tuPu−2 tu tLv+ tvQv);
and calculate, using an arbitrary lifting Mm ∈Mp(2g,Z) and Proposition 3.5,
(Ξτ ′ ⊗ 1 ◦M)
(
f(u)
√
dg(x, y)τ
)
=
=
(
(τ ′ + 1)
∂Mmf
∂u
− 2kpi(τ ′ − 1)uMmf(u)
)
Mm(
√
dg(x, y)τ) =
=
∫ (
(τ ′ + 1)
∂e(u, v)
∂u
− 2kpi(τ ′ − 1)ue(u, v)
)
f(v)dgv
√
dg(x, y)τ ′ =
=
∫ (
(τ ′ + 1)2kpii(Pu− tLv)− 2kpi(τ ′ − 1)u) e(u, v)f(v)dgv√dg(x, y)τ ′.
Using the fact that
ue(u, v) = L−1Qve(u, v)− 1
2kpii
L−1
∂e(u, v)
∂v
and integrating by parts, we find
(Ξτ ′ ⊗ 1 ◦M)
(
f(u)
√
dg(x, y)τ
)
=
= 2kpi
∫ [
i(τ ′ + 1)
(
P (L−1Qve(u, v)− 1
2kpii
L−1
∂e(u, v)
∂v
)− tLve(u, v)
)
−
−(τ ′ − 1)(L−1Qve(u, v)− 1
2kpii
L−1
∂e(u, v)
∂v
)
]
f(v)dgv
√
dg(x, y)τ ′ =
= 2kpi
∫ [
i(τ ′ + 1)
(
P (L−1Qvf(v) +
1
2kpii
L−1
∂f
∂v
)− tLvf(v)
)
−
−(τ ′ − 1)(L−1Qvf(v) + 1
2kpii
L−1
∂f
∂v
)
]
e(u, v)dgv
√
dg(x, y)τ ′ =
=
∫ [
((τ ′ + 1)A+ i(τ ′ − 1)C) ∂f
∂v
+ 2kpi (i(τ ′ + 1)B − (τ ′ − 1)D) vf(v)
]
e(u, v)dgv
√
dg(x, y)τ ′.
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Therefore, to complete the proof it suffices to show that
(τ ′ + 1)A+ i(τ ′ − 1)C = Xτ ′(1 + τ)
i(τ ′ + 1)B − (τ ′ − 1)D = Xτ ′(1− τ),
but these two equations are equivalent to the following
(τ ′ + 1)(A+ iB) + (τ ′ − 1)(iC −D) = 2Xτ ′
(τ ′ + 1)(A− iB) + (τ ′ − 1)(iC +D) = 2Xτ ′τ,
the first of which is the definition of Xτ ′ , and the second one is precisely (14). 
Now, we can use the metaplectic group action to show that the rank of the
bundle is constant over all of the Siegel disc Dg. Consider the following section of
Q → Hg ∼= D˘g,
σlΩ := ϑ
l
Ω
√
dgzΩ = ϑ˜
l
τ(Ω)
√
dg(x, y)τ(Ω) ∈ H0(XΩ, LkΩ)
√
dgzΩ,
where accordingly
ϑ˜lτ = det(1 + τ)
− 1
2ϑlΩ(τ),
with ϑlΩ defined by (10) for Ω ∈ Hg and where the branch of the square root is
the natural one, as in (21).
Putting things together, we obtain
Theorem 3.10. Each section ϑ˜lτ extends continuously to a map Dg → Γ−∞(Lk).
In particular, τ 7→ {σlτ}l∈Zg/kZg is a set of global sections of Q, which is therefore
trivialized and of rank kg.
Furthermore, the elements of the trivializing frame {σlτ}l∈Zg/kZg for Q are in-
variant under the Sp(2g,R) action.
Proof. From Proposition 5.4.7 in [Wo], for any τ ∈ ∂Dg, there exists a symplectic
transformationM ∈ Sp(2g,R) such thatM(τ) does not have eigenvalue −1. Since
M−1 acts continuously on Q by the previous proposition, the assertion follows.
The invariance of the sections σlτ under the Sp(2g,R) action is an immediate
consequence of Lemma 3.3 and of (24). 
Remark 3.11. For the case of reducible polarizations, the dimension kg coincides
with the one obtained by considering S´niatycki’s quantization procedure [Sn, Ma]
where one considers smooth sections of the restriction of Lk to Bohr-Sommerfeld
fibers. In fact, solutions of the weak equations of covariant constancy must be sup-
ported along fibers of trivial holonomy, and polarized sections are linear combina-
tions of Dirac delta distributions with phase variation along the Bohr-Sommerfeld
fibers.
Example 3.12. For the case of the horizontal polarization, given by τ = −1, the
basis {σl−1}l∈(Z/kZ)g consists of distributional sections, each supported on a single
compact Bohr-Sommerfeld fiber of the vertical polarization: this follows immedi-
ately from the equations of covariant constancy written in terms of the Weil-Brezin
coefficients. Since τ = −1, the operator Ξ−1 in (25) is just multiplication by 4kpiy,
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and its kernel is generated by the Dirac delta distribution supported at y = 0.
Therefore, from (5), the corresponding sections σl−1 (each of which has a single
non-zero Weil-Brezin coefficient) will be supported on the points with the com-
ponents of y being congruent to l
k
. These points define the kg Bohr-Sommerfeld
fibers of the vertical polarization. Since each basis element is supported on a
single Bohr-Sommerfeld fiber, {σl−1}l∈(Z/kZ)g is a so-called Bohr-Sommerfeld basis
[Ty] for Q−1.
In order to describe Bohr-Sommerfeld basis for other reducible polarizations, it
is convenient to study a natural geometric action of the integer symplectic group
Sp(2g,Z). For M ∈ Sp(2g,Z) and τ a reducible polarization, this action trans-
forms Bohr-Sommerfeld leaves of the polarization τ into Bohr-Sommerfeld leaves
of the reducible polarization M(τ). We will describe and study some proper-
ties of this action, and of its lift to the quantum bundle, in a forthcoming paper
[BMN]. In fact, that study amounts to a study of the algebro-geometric theta
transformation formula from a symplectic point of view.
In the following Section, we study the Hilbert space structure on the fibers of
the bundle Q → Dg, and how they are related for different fibers.
4. The BKS pairing
4.1. The BKS pairing on the extended quantum bundle. By the very
construction of the quantum bundle Q, over the interior of the Siegel disc the BKS
pairing is already implemented as the product of the pairing of square integrable
sections with the pairing of half-forms. Explicitly, one has
Theorem 4.1. For Ω,Ω′ ∈ Hg, the BKS pairing is given by
(27) 〈ϑlΩ ⊗
√
dgzΩ, ϑ
l′
Ω′ ⊗
√
dgzΩ′〉BKS = 2−
g
2 k−gδl,l′.
Proof. We have to calculate the pairing 〈ϑlΩ, ϑl′Ω′〉 in the prequantum Hilbert space;
from the unitary isomorphism (6) between the space of square integrable sections
of Lk and (L2(Rg))k that restricts to the Weil-Brezin expansion on smooth sec-
tions, and the Gaussians in (26) it is clear that this gives
(28) 〈ϑlΩ, ϑl
′
Ω′〉 = δl,l′(ki)−
g
2
(
det(Ω′ − Ω)
)− 1
2
,
which, combined with (20) proves this result. 
Note that from Theorem 3.10, the corresponding BKS pairing map
BΩ,Ω′ : QΩ → QΩ′ ,
defined by
〈BΩ,Ω′σ, σ′〉QΩ′ = 〈σ, σ′〉BKS ∀σ ∈ QΩ, σ′ ∈ QΩ′ ,
corresponds to the action on Weil-Brezin coefficients of the element of Sp(2g,R)
relating Ω and Ω′. It follows that the family of indexed basis {σlΩ}l∈Zg/kZg is
parallel with respect to the family of pairing maps.
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Moreover, from Theorem 3.10, the BKS pairing can be extended continuously
to the boundary of Dg, so that, ∀τ, τ ′ ∈ Dg, we can define unitary BKS pairing
maps
Bτ,τ ′ : Qτ → Qτ ′
Bτ,τ ′(σ
l
τ ) = σ
l
τ ′ , ∀l ∈ Zg/kZg.(29)
Remark 4.2. The pairing between elements of Qτ and Qτ ′ , for τ ∈ Dg and τ ′ ∈ D˘g,
as in Theorem 4.1 is still given by evaluating the distributional sections in Qτ on
the conjugate of the smooth sections in Qτ ′ and multiplying with the factor that
arises from half-form correction. In this situation, for σ ∈ Qτ and σ′ ∈ Qτ ′,
〈σ, σ′〉BKS = σ(σ′) = σ′σ(1),
where in the last term the distribution σ′σ is evaluated at the constant function
1.
Therefore, we have
Corollary 4.3. The family of indexed bases
τ 7→ {σlτ}l∈Zg/kZg ⊆ Qτ , τ ∈ Dg
is parallel with respect to the transitive family of unitary pairing maps
Bτ,τ ′ : Qτ −→ Qτ ′ ,
τ, τ ′ ∈ Dg, defined by
〈Bτ,τ ′σ, σ′〉Qτ ′ = 〈σ, σ′〉BKS ∀σ ∈ Qτ , σ′ ∈ Qτ ′ .
These results show that symplectic tori also provide examples of symplectic
manifolds where quantizations in different polarizations can be related by transi-
tive unitary BKS pairing maps, if the half-form correction is included.
Remark 4.4. From a different but related perspective, the unitary maps BΩ,Ω′ for
Ω,Ω′ ∈ Hg can also be realized as coherent state transformations associated to
different Ka¨hler structures on the complex Lie group (C∗)g. (See [FMN1] and also
[Hal, FMMN].)
Remark 4.5. These results extend straightforwardly to non-principally polarized
abelian varieties. An interesting application is then to the moduli space of rank n
semistable (degree zero) vector bundles on an elliptic curve EΩ, for Ω ∈ H1. This
moduli space is isomorphic to Pn−1 and can be realized as a quotient of the (non-
principally polarized) abelian varietyM = EΩ⊗ΛˇR by the Weyl group of SLn(C),
Pn−1 ∼= M/W , where ΛˇR is the corresponding co-root lattice. Non-abelian theta
functions in genus one are then realized asW anti-invariant theta functions onM .
The unitary equivalence between spaces of non-abelian theta functions, in genus
one, associated with different complex structures studied in [AdPW, FMN2], can
therefore be formulated equivalently in terms of BKS pairing maps.
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4.2. Further properties of the BKS pairing. Recall that the subgroup of
translations of Xτ preserving the holomorphic structure on L
k has a central ex-
tension, given by the “finite” Heisenberg group Hk which is given by
Hk = {(λ, (a, b))|λ ∈ U(1), (a, b) ∈ (Z/kZ)2g},
with the group law
(λ, (a, b))(λ′, (a′, b′)) = (λλ′e
pii
k
(ab′−ba′), a+ a′, b+ b′).
Hk acts naturally on H
0(Lk) ∼= Qτ by
(λ, (a, b))σ(x, y) = λepiiω((x,y),(a,b))σ(x− a
k
, y − b
k
).
This well-known natural algebro-geometric irreducible unitary representation
of Hk on Qτ , which is unique up to isomorphism, for τ ∈ D˘g (see for example
Section 6.4 of [BL], or [Po]) is given in the parallel basis by
(λ, (a, 0))σlτ = λe
−2piila/kσlτ
(λ, (0, b))σlτ = λσ
l+b
τ .
It is then natural to consider this representation for all τ ∈ Dg, including
degenerate points on ∂Dg.
Remark 4.6. From Corollary 4.3 it follows immediately that the unitary BKS
pairing maps Bττ ′ : Qτ → Qτ ′ intertwine the canonical representations of Hk.
We will now show that the BKS pairing between transverse real polarizations is,
as expected, given by an intersection pairing. Let τ ∈ ∂Dg define a real reducible
polarization Pτ and let BS ⊂ T2g be the union of its Bohr-Sommerfeld fibers.
Recall from Remark 3.2 that if σ ∈ Qτ then the support of σ is contained in BS.
Proposition 4.7. Let τ, τ ′ ∈ ∂Dg be such that Pτ ,Pτ ′ are real, reducible and
transverse. If σ ∈ Qτ , σ′ ∈ Qτ ′ then the pairing 〈σ, σ′〉BKS is obtained by evaluat-
ing a distribution supported in BS ∩ BS ′ on the constant function 1.
Proof. From Remark 3.2 and [BFMN], one has that σ is a linear combination
of smooth phases multiplying codimension g Dirac delta distributions supported
in BS, and similarly for σ′. Since, Pτ and Pτ are transverse, Theorem 8.2.4
and Example 8.2.11 of [Ho] guarantee that the product σσ′ gives a well defined
distribution on T2g, supported in BS ∩ BS ′. From the continuity of the product
(see Theorem 8.2.4 in [Ho]) and Remark 4.2, it is clear that σσ′(1) = 〈σ, σ′〉BKS.

Remark 4.8. In [Ma], Manoliu has considered the quantization of the standard
symplectic torus in real reducible polarizations at even level k. She introduces
geometrically an intersection pairing between quantization spaces for two re-
ducible (transverse) polarizations via the intersection points of the respective
Bohr-Sommerfeld leaves. After including the half-form correction these pairings
are unitary.
Quantization of Abelian Varieties 21
Remark 4.9. Another particularly interesting point on ∂Dg is the one correspond-
ing to the vertical polarization, τ = 1. In this case, the period matrix Ω = 0
and the theta functions become linear combinations of Dirac delta distributions
supported on Bohr-Sommerfeld fibers. Remarkably, the linear combination coeffi-
cients are precisely given by the modular transformation S-matrix for characters
of the affine Lie algebra u(1)k [FMN1]. Thus, in terms of Bohr-Sommerfeld basis,
the BKS pairing map B−1,1 is exactly represented by this modular transformation
matrix.
5. Tropical theta divisors
Tropical geometry is known to appear in the description of degeneration data of
boundary points in the compactification of the moduli space of polarized abelian
varities [AN]. In [MZ], the authors consider tropical curves, their Jacobians as
well as tropical theta functions and tropical theta divisors. Tropical geometry is
also known to arise when one degenerates Ka¨hler metrics. In this section, we will
comment briefly on the appearence of tropical geometry as one takes the complex
structure of T2g to the boundary of Dg.
Recall that tropical geometry is the algebraic geometry of curves over the trop-
ical semi-field R∪ {−∞}, where the operations are defined by x⊕ y = max{x, y}
and x⊙y = x+y, for x, y ∈ R∪{−∞}. The evaluation of a polynomial in n vari-
ables over this ring defines a piecewise linear map from (R∪{−∞})n → R∪{−∞}.
The associated tropical affine variety is then given by the set of points where this
function is not smooth, which is a piecewise linear set.
Let us now describe several examples of metric degeneration of Ka¨hler structure
at a real reducible polarization. Namely, for computational simplicity, we will
choose the point τ = −1. We will see that the outcome depends considerably on
the path in Dg through which τ approaches the point τ = −1 ∈ ∂Dg.
From the expression (8) for the complex structure defined by Ω ∈ Hg, it is clear
that the corresponding Ka¨hler metric γΩ = ω(., JΩ.) is given by the matrix
(30) γΩ =
[
Ω−12 −Ω−12 Ω1
−Ω1Ω−12 Ω1Ω−12 Ω1 + Ω2
]
.
Example 5.1. For the standard hyperbolic metric in Hg invariant under Sp(2g,R),
the geodesics rays going to the point at infinity corresponding to τ = −1 are given
by
Ω(s) = B tA+ iAe2sΛ tA, s > 0,
where Λ is a positive diagonal matrix, A ∈ GLn(R) and B tA is symmetric. Then,
from (30),
γΩ(s) =
[
tA−1e−2sΛA−1 − tA−1e−2sΛ tB
−Be−2sΛA−1 Be−2sΛ tB + Ae2sΛ tA
]
.
We see that, after rescaling the metric appropriately, as s→∞ at least g dimen-
sions collapse. In fact, the number of surviving dimensions equals the multiplicity
of the largest eigenvalue of Λ.
Quantization of Abelian Varieties 22
Let us therefore consider the case when Λ = λ1. Then the rescaled metrics
e−2sλγΩ(s) converge in the Gromov-Hausdorff sense,(
T2g, e−2sλγΩ(s)
)→ (Tg, A tA).
One may ask how theta divisors behave under this metric degeneration. For the
sake of simplicity, consider for instance the theta divisor V (ϑΩ) for level k = 1.
Let u = e2sλ. The absolute values of the terms of the series defining ϑΩ(s) are
am(y) = e
−piu t(y−m)A tA(y−m), m ∈ Zg.
Call m ∈ Zg a lattice neighbor of y if
∀m′ ∈ Zg \ {m} : ‖y −m‖A tA ≤ ‖y −m′‖A tA.
As A tA is positive definite, it is easy to see that for any point y0 which does not
have at least two distinct lattice neighbors, the theta function cannot equal zero
for s large enough and any value of x, i.e.
y0 /∈ µ(V (ϑΩ(s))),
where µ stands for the group-valued moment map
T2g ∋ (x, y) 7→ µ(x, y) = y ∈ Tg.
The theta divisor then approaches the tropical theta divisor of [AN, MZ] (see
Section 5.2 of [MZ]), defined by the non-smoothness locus of the functions
max
m∈Zg
{− t(y −m)A tA(y −m)} or max
m∈Zg
{− tmA tAm+ 2 tyA tAm}.
Note that this set depends only on the limit metric and on the location of the
lattice points which define the Bohr-Sommerfeld fiber. This behaviour of theta
divisors as one approaches the boundary of Dg is consistent with the fact that
the theta function approaches a distributional section supported on the Bohr-
Sommerfeld fiber, so that its zeroes are away from this fiber.
In general, the limiting behaviour of the theta divisor will not be related to the
limit metric in such a simple manner as above.
Example 5.2. Let s > 0. Considering a half-line of complex structures Ω + sΩ˙
with Ω, Ω˙ ∈ Hg and s→∞, the rescaled metrics 1sγΩ+sΩ˙ converge in the Gromov-
Hausdorff sense, (
T2g,
1
s
γΩ+sΩ˙
)
→ (Tg, Ω˙1Ω˙−12 Ω˙1 + Ω˙2).
Note that the point on the boundary of Dg we are approaching (or the real polar-
ization) is still the same, τ = −1.
A computation analogous to the one in Example 5.1 shows that the limit of the
theta divisors is the same as above for the metric Ω˙2. This coincides with the limit
metric only in the case Ω˙1 = 0, which is when the half-line is a (reparametrized)
geodesic.
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Example 5.3. For higher level k > 1, a particular tropical theta divisor is given in
an analogous way by the non-smoothness locus of
y 7→ max
m∈Zg
{− tmΩ˙2m+ 2k tyΩ˙2m}.
This piecewise linear object, which is equidistant from Bohr-Sommerfeld fibers, is
obtained by degeneration of the divisor of the theta function
∑
l∈Zg/kZg σ
l
τ , which
is invariant by the subgroup Zg/kZg ⊂ Hk generated by the elements of the form
(1, (0, b)). (See Section 4.2.) Similar objects, the geometric quantization amoebas
of [BFMN], appear in the geometric quantization of toric manifolds, where also
such a particular tropical divisor, equidistant from Bohr-Sommerfeld points in the
polytope, (asymptotically) selects a particular degenerating holomorphic section.
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